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An analysis of the lattice dynamics for low- and high-temperature phases of s-triazine crystals is presented. Special attention 
is paid to the problem of translational-rotational coupling as a driving force for the structural phase transition. Results of 
numerical calculations for static and dynamical properties are used to predict parameters of the Landau free-energy expansion 
for the crystal. Finally, recent theories of the ferroelastic phase transition in the s-triazine crystal are critically discussed.
1. Introduction
It has long been known that in molecular 
crystals there should be a coupling between rota­
tions and translations of molecules. This coupling 
follows naturally from the distance and orienta­
tion dependence of  the intermolecular potential. 
Recently, one can notice an extensive interest in 
theoretical [1] and experimental [2] aspects of 
translational-rotational coupling, mostly in a rela­
tion to ferroelastic, orientational phase transitions 
in molecular crystals. So far, the attention has 
been focused on “ semimolecular” , ionic crystals 
like K C N  and N H 4C 1, where the reorientational 
motions of the molecular ions couple to acoustic 
phonons. A s  a result o f  this coupling, drastic ther- 
moelastic anomalies appear, which can be o b ­
served as a striking lowering of the elastic stiffness 
near phase-transition temperatures. Crudely speak­
ing, the molecular ions in that type of crystals play 
a role of “  molecular grease” , lowering the re­
sponse of the crystal to shear strain. This role is 
evident from experiments with doped crystals 
K C 1: K C N ,  where a decrease of the sound velocity
by an appreciable amount has been found [3] as a 
consequence of doping.
The theoretical approach to the translational-
rotational coupling in “ semimolecular”  crystals,
! . kl* • i* •
worked out by Michel and Naudts [4], although 
quite complicated, is not a general one. In the 
theory, microscopic in principle, but phenomeno­
logical in fact, direct rotational coupling between 
molecules is neglected and a molecule feels a mean 
rotational field. The theory is limited to the case of 
highly orientationally disordered crystals with one 
molecule in the unit cell. For such crystals it 
predicts rotational coupling between molecules as 
due to indirect interactions, mediated by acoustic 
phonons via translational-rotational coupling. It 
has to be emphasized that for these crystals an 
effective rotational interaction is responsible for 
the rotational phase transition (freezing of C N ~  
ion orientations in the K C N  crystal, for example) 
which is accompanied by a structural phase transi­
tion (unit-cell deformation).
On the other hand, not too much attention has 
been devoted to translational-rotational coupling 
and its manifestation in crystal properties o f  less
0301-0104/ 84/ $ 03.00 © Elsevier Science Publishers B.V  
(North-Holland Physics Publishing Division)
134 T. Luty, A. van der Avoird /  Lattice dynamics o f s-triazine crystals
anharmonic molecular crystals, where librational 
motions can still be considered as well localized. 
These systems are simpler in principle. Examples 
are the recently well-studied crystals of s-triazine 
[5] and benzil [6], where a coupling between unit­
cell deformations and molecular rotations is clearly 
observed and ferroelastic phase transitions occur. 
These observations suggested us to look for a 
microscopic, lattice dynamical, description of the 
static and dynamical consequences of transla­
tional-rotational coupling in crystals where libra­
tional and acoustic phonons are still well-defined 
excitations.
The crystal of s-triazine is a good example to 
illustrate the role of translational-rotational cou­
pling in the structural phase transition, for which 
an effective translational potential could be held 
responsible. A  weak first-order transition in s-tri­
azine crystals occurs at ~ 200 K , from a high-tem- 
perature trigonal phase (space group R 3c) to a 
low-temperature monoclinic phase (space group 
C 2/c).  The anomalous thermoelastic properties of 
the crystal [5,7] have been interpreted in terms of a 
coupling between the shear strain component, e 4 
=  e 5, and molecular rotations ( R x i R v). A  phe- 
nomenological theory of the transition based on 
the mean-field approximation has been presented 
by Raich and Bernstein [8] but it has been criti­
cized recently by Rae [9]. In order to clarify some 
o f  the contradictory points of the discussion [10], a 
detailed lattice dynamical analysis, even within the 
conventional harmonic approximation, seems to 
be helpful.
The aim of this paper is to analyze the statics 
and dynamics of the s-triazine lattice, to relate it 
to the phenomenological theories of the phase 
transition and, also, to the correlation-function 
approach [11,12]. It is too much to say that the 
paper offers a microscopic model for the phase 
transition, although the calculations presented here 
do predict parameters o f  the conventional Landau 
theory, which is a requirement for any microscopic 
model [13].
W e start with a description of crystal structures 
o f  s-triazine and the potential for intermolecular 
interactions. In section 3, results of lattice d y­
namics calculations for the high-temperature phase 
are presented and a detailed analysis of the in­
fluence of translational-rotational coupling on the 
elastic constants (acoustic phonons) is performed. 
These considerations are then related to the 
free-energy expansion in terms of strain, e A, and 
molecular rotation, R y, and parameters of this 
expansion are calculated in section 4 . Numerically 
simulated shear strain allows us to calculate the 
lattice dynamics of the low-temperature, m ono­
clinic phase and the results are presented in sec­
tion 5. Finally, in section 6 an interpretation of the 
phase transition, based on the lattice dynamical 
calculations, is presented; a critical comparison 
with previously suggested models is made.
2. Statics of the s-triazine crystal
2.1. Crystal structures
The crystal structures of s-triazine are well 
known from X-ray diffraction [14]. In the high- 
temperature, trigonal phase ( R 3c) the molecules 
form infinite stacks along the hexagonal axis c and 
the nearest molecules, within the stack, are related 
by a center of inversion. The structure is schemati­
cally shown in fig. 1. It is convenient to represent 
the structure as pseudo-orthorhombic (see ref. [14]) 
or, what is preferred here, as a pseudo-monoclinic 
one. The relation between these structures is also 
shown in fig. 1 and the monoclinic unit-cell 
parameters can be expressed as
a m =  (3"h +  5 f ^ ) 1/2, b° =  a h, c ° = c h,
Pm =  211 + ta n _1(2 c h/ 3,/2£ih). ( 1)
The monoclinic representation of the high-tem- 
perature crystal structure is especially convenient 
in a discussion of  the phase transition to the 
low-temperature monoclinic phase. The phase 
transition at *  200 K  is followed by a deformation 
of  the high-temperature unit cell, accompanied by 
a tilt of the molecules. Actually, the symmetry of 
the low-temperature phase ( C 2/ c )  allows the tilt to 
be accompanied additionally by a translational 
displacement of the molecules along the rotation 
axis, in such a w ay that the center of inversion, 
which relates two nearest molecules within the 
stack, is preserved. It is well known that the s-tri-
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Fig. 1. Schematic projection of the crystal structure of s-triazine on the (010) plane for high-temperature (left) and low-temperature 
(right) phases. The monoclinic representation of the structures is indicated.
azine crystal develops three domains below the 
transition temperature [14]. However, for a more 
transparent picture and without loss o f  generality 
we shall concentrate on one domain, in which the 
shear strain component, e 4, and the molecular 
rotation R v are the order parameters. The parame-
w
ters are defined in the orthogonal axis system x, y , 
z, assigned to the crystal axis system a'm, bm, c m. A  
schematic structure of the low-temperature phase 
is also shown in fig. 1. The strain component, e 4, 
which for symmetry reasons has to be zero in the 
trigonal phase, can be related to the lattice param ­
eters [15]:
e 4 =  cot /3m — cot /?°, (2)
where is the monoclinic angle of the trigonal 
phase given by relation (1). It is clear that the 
shear strain component can be treated as an order 
parameter for the structural phase transition and 
its temperature dependence indicates the transi­
tion to be weakly first order [14]. On the other 
hand, the orientation of the molecules in the high- 
temperature phase is fixed by the crystal symmetry 
and so the tilt of the molecules can equally well be
Table 1
Two sets of parameters of the site-site  “ 6-exp-l"  potential function used for the s-triazine crystal
Contact 
i . .  . j
A >j
(kJ m o P  1 Â6) 
both sets
ioS
«T it c u( À - 1)
s e t (1); set (2) s e t (1) set (2)
C • • • C 2720.0 311498.0 311498.0 3.38 3.36
C • • • H 552.0 39400.0 72122.0 3.67 3.53
C - N 2395.0 184948.0 184948.0 3.38 3.36
H • • • H 113.0 16699.0 16699.0 3.74 3.74
H • • • N 485.0 23500.0 42820.0 3.56 3.55
N • • • N 2107.0 109808.0 109808.0 3.38 3.36
Charges a) 
<7,
<7c R N *iP •
s e t (1) 0.135 - 0 .1 7 0 0.035 --
set (2) - 0 . 2 2 0.69 0.22 - 0 . 6 9
a) In unit charges e =  1.602 X  IO19 C.
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treated as an order parameter. It will be shown 
that both, shear strain and molecular tilt, represent 
a frozen pattern of an acoustic-mode eigenvector.*
2.2. Intermolecular potential
A  useful approximation for intermolecular in­
teractions in molecular crystals, especially con­
venient for lattice dynamical calculations is to 
assume a site-site potential function. For the s-tri­
azine crystal the “ 6-exp -l”  potential
K j =  ~ A ijrij B jj exp( — C tjr {j ) + qtqjrtj  , (3)
has been chosen to represent the interactions be­
tween / th and yth sites o f  different molecules. The 
calculations are carried out with two sets of poten­
tial parameters. The dispersion interaction param ­
eters, A  • ■, have been taken from the work by 
M ulder et al. [16] and they are the same for both 
sets.
Set (1) The short-range repulsion parameters, 
B tj ,  were the same as used by Rae [17] and the 
exponential parameters, C {J, for C  • • • C, C  • • • N 
and N  • • • N  contacts have been assumed to be 
equal; the latter were finally taken as a fit parame­
ter. In this set the electrostatic part of the potential 
is described by interactions between net atomic 
charges located at the nuclei. The information 
about the charges has been taken from an elec- 
tron-density analysis for the s-triazine crystal [18]. 
This analysis yields the following net charges: 
qc =  0.19 e, q N =  — 0.24 e and q H =  0.05 e. When 
these charges were used to calculate thé crystal 
energy as a sum of pair potentials (3), the energy 
minimum was found far from the experimental 
structure. In order to reproduce the crystal struc­
ture in the high-temperature phase, it was decided 
to fit the parameter C  =  Cc c  = CCN =  C NN and the 
atomic charges, keeping the ratio qc  : g N : <7h as 
found from the valence-density analysis [18]. A fter  
few minimization runs [19], the atomic charges
qc  =  0.135 e, q N =  — 0.170 e, q H =  0.035 e and the® 1
parameter C  =  3 .40/ 3.38 A  have been found. 
F o r  the higher value of C, the structure is close to 
the experimental one at = 200 K , while for the 
value of 3.38 Â -1  the trigonal structure at 300 K  is 
closely reproduced. The final set o f  parameters
[called set (1)] o f  the potential function (3) is 
collected in table 1.
Set (2) The short-range repulsion parameters 
for set (2) are comparable with those for set (1) 
(see table 1). The electrostatic interactions are 
described by the model recently suggested by Bauer 
and Huiszoon [20]. This model proposes point 
charges located at the atomic nuclei plus nitrogen 
lone-pair charges located in the molecular plane, 1 
bohr away from the nitrogen atoms. The charges 
are derived from ab initio calculated permanent 
multipole moments for s-triazine [16]. In our calcu­
lations on the s-triazine crystal, the lone-pair charge 
location has been shifted closer to nitrogen, at a
O
distance o f  0.1 A ,  keeping the nitrogen-lone-pair
O
dipole moment constant at 0.365 e A. This appears 
to work better, probably because there is no ex­
plicit lone-pair repulsion term in the potential (3). 
A  shorter lone-pair distance was actually recom­
mended in ref. [20]. The parameters of set (2) are 
also collected in table 1.
Results of the crystal-structure optimizations 
with both sets of parameters are presented in table
2 . It has to be emphasized that the minimization of 
the lattice , energy (forty-two nearest-neighbour 
molecules included) has been performed with re­
spect to the unit-cell parameters: a mi c m, 
and two parameters, R v and T  9 describing molec- 
ular rotation about and translation along thej; =  bm 
axis. This set o f  variables allowed us in principle 
to obtain the trigonal as well as the monoclinic 
(low-temperature) structure as a result o f  the 
lattice-energy minimization. Actually, all minimi­
zation runs for both parameter sets gave the high- 
temperature trigonal structure. Although the set 
(2) seems to be better justified it gives slightly 
worse results for the lattice constants, as compared 
with the experimental ones. The results of our 
calculations cannot be directly compared with re­
cent calculations by G a m b a  and Bonadeo [21], as 
these authors did not minimize the crystal potential 
with respect to the unit-cell parameters. Thus it is 
not clear whether the potential suggested in ref. 
[21] gives a minimum close to the experimental 
structure and, thus whether it is theoretically 
justified to perform lattice dynamical calculations 
with this potential for the observed structure.
A n  additional criterion for the quality o f  the
*
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Table 2
* °
Results of the lattice-energy minimization with respect to the crystal-structure parameters (lattice constants in A, monoclinic angle in 





C =  3.38 C =  3.40
set (2) 200 K 300 K
a h 9.674 9.639 9.788 9.619 9.647
ch 7.225 7.146 7.525 7.149 7.281
7.375 7.326 7.557 7.318 7.388
9.674 9.639 9.788 9.619 9.647
7.225 7.146 7.525 7.149 7.281
An 130.78 130.57 131.60 130.63 131.07
cohesion
energy 65.7 67.6 47.7 47.7
potential for the s-triazine crystal is the compari­
son of calculated and experimental dynamical 
properties of the crystal and this is done in the 
next section.
3. Lattice dynamics of the trigonal phase
The lattice dynamics of the s-triazine crystal 
has been solved for the equilibrium, trigonal struc­
tures, which are reasonably close to the experimen­
tal ones for both sets of the potential parameters. 
The force-constant matrices for forty-two nearest 
molecules have been calculated and the dynamical 
matrix 0 (g)  (12  X 12) constructed. Finally, the 
secular equation
[ D (9 ) - M c o 2( í ) ]  V( q )  =  0, (4)
3.1. Zone-center optical phonons
At the center of the Brillouin zone for the 
trigonal phase there are nine optical phonons which 
can be classified according to irreducible represen­
tations of the D 3d point group: 2 A 2g +  2 Eg +  A 2u 
+  E u. As it follows from the group theoretical 
analysis, the “ ungerade” modes correspond to
with the mass-tensor M has been solved for two 
symmetry directions [qx, 0, 0] and [0, 0, qz \. The 
dispersion curves as calculated with parameter set
(1 ) and the symmetry assignments are shown in 
fig. 2. The optical phonons at the center of the 
Brillouin zone and the acoustic phonons in the 
indicated symmetry directions will be discussed in 
some detail as they are related to the phase transi­
tion in the crystal.
Z 0.8 0.6 0A 0.2 T 0.2 0.4 0.6 A
R E D U C E D  W A V E - V E C T 0 R
Fig. 2. Phonon-dispersion curves for two symmetry directions 
of the trigonal phase of s-triazine.
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Table 3
Optical-phonon frequencies (in c m - 1) at q =  0 and their polarization vectors (normalized to one molecule for parameter set (1) with 
C =  3.40 A - 1 ) calculated for the trigonal phase of s-triazine and compared with available experimental values
Mode Calculations
9 E xperim entn)
set (2) s e t (1) polarization vectors 200 K 300 K
C = 3.38 C = 3.40 T  7X 71 Ry R .
A  2 u 48.9 48.9 50.8 0 0 0 0 0 1.0 - -
Eg 78.6 69.5 71.5 -0 .4 3 0 0 - 0 .9 0 0 0 71.0 68.0©
0 0.43 0 0 0.90 0
^2g 90.1 71.0 72.0 0 0 0.28 0 0 0.97 — —O
Eg 103.5 94.5 96.7 -0 .9 0 0 0 0.43 0 0 98.0 92.0
0 -0.90 0 0 0.43 0
E n 89.4 99.0 102.7 0 0 0 1.0 0 0 - 84.0
0 0 0 0 1.0 0
A 2g 121.8 114.9 118.2 0 0 -0 .9 7 0 0 -0 .2 8 - -
a) For the Raman-active modes, the values are taken from ref. [22]. and for the IR-active mode from ref. [23].
purely librational vibrations, while the “ gerade” 
ones are of mixed t ran s la t io n a l- ro ta t io n a l  
character. This is a result of the crystal symmetry 
that includes a center of inversion which relates 
two translationally non-equivalent molecules in the 
primitive unit cell.
In table 3 the calculated frequencies of the 
optical phonons are compared with experimental 
values [22,23]. The polarization vectors (normal­
ized to one molecule) of the modes are also speci­
fied. It is clear from table 3 that the Raman-active 
modes are better reproduced by the potential func­
tion with parameter set (1), while the IR-active E u 
mode is quite well reproduced by set (2). As the 
main difference between the two sets of parame­
ters concerns the electrostatic contribution to the 
potential, one can conclude that the librational 
A 2u mode does not depend on this term while the 
other optical phonons are quite sensitive to the 
electrostatic intermolecular interactions. In table 3 
it can be noticed that the frequencies of the R a­
man-active modes calculated for two values of the 
potential-function parameter C [set (1)], corre­
spond to the experimental values found at 200 and 
300 K. The polarization vectors indicate that the 
lower E_ mode is mostly librational while the 
higher E g mode is mainly of translational character. 
As the translational displacement of molecules 
causes smaller changes in the dielectric susceptibil­
ity of the crystal than the librational displacements 
[24], we expect the lower E g mode to give a much 
more intense band in Raman spectra than the 
higher-frequency mode. This qualitative prediction 
agrees with the experimental observations [22] and 
supports the assumed intermolecular potentials.
The polarization vectors of the Eg modes (which 
show that two inversion-related molecules perform 
“ screw” movements along the x and y  axes in 
opposite directions) indicate that the frozen pa t­
tern of these modes corresponds to the displace­
ments of the s-triazine molecules in the low-tem- 
perature monoclinic phase, with respect to the 
trigonal structure. However, none of the E g optical 
phonons behaves like a soft-mode and the ampli­
tudes of these modes cannot be chosen as an order 
parameter of the phase transition. Nevertheless, 
these phonons are indirectly involved in a mecha­
nism of the phase transition as “ mediators” for 
translational-translational interactions. For this 
reason we shall calculate the static optical suscept­
ibility [25] corresponding to the E e modes:&
X =  E I  Q ( k J ) Q ( k ' j ) / o > 2( j ), (5)
k , k ’ Eg
where Q ( k j )  stands for the eigenvector compo­
nents of the y'th E g mode with frequency co(y'), 
corresponding to the /c th molecule in the unit cell.
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For symmetry reasons the susceptibility decouples 
into purely rotational (R) and translational (T) 
parts, both being diagonal in the orthogonal axes 
system x, y , z. The calculated values are
X*, =  X * ,=  (148.8 k J /m o ir 1, 
x I ,  = xTv = (234.0 kJ/mol)- ',
r  r
for set (1) of the potential-function parameters. It 
is worth noticing that 90% of the rotational sus­
ceptibility is due to the contribution of the lowest 
E, mode, which is mostly librational in character,&
while the translational susceptibility is mostly de­
termined (70%) by the higher E g mode.
3.2. Long-wave acoustic phonons
The acoustic phonons are the most important 
excitations in the high-temperature phase of s-tri­
azine in the context of the phase transition, as the 
trigonal phase becomes unstable with respect to 
some of them. It has been found experimentally 
[5,7] that transverse acoustic phonons propagating 
in the [q x, 0, 0] and [0 , 0 , qz ] directions become 
soft as the transition temperature is approached 
from above. The softening of the acoustic phonons 
is understood here as a tendency of the corre­
sponding sound velocity to decrease to zero as the 
phase-transition temperature is approached. The 
strain component, e af}, generated by an acoustic 
phonon in the limit of long waves is given by [13]
eap=  lim i qp Qa(qp ), (6)
q,j — 0
where Q a(qp)  is an acoustic-mode amplitude with 
eigenvector polarized in the a  direction and wave- 
vector in the /3 direction. From this relation it is 
clear that the strain component is a macroscopic 
representation of the acoustic-mode amplitude. So 
the macroscopic strain, as an observable, will play 
the role of an order parameter for the structural 
phase transition rather than the acoustic-mode 
amplitude which is a microscopic quantity. In the 
trigonal phase of the s-triazine crystal, the strain 
components exz =  e vz =  e 4 can be uniquely related 
to the amplitudes of the doubly degenerate trans­
verse acoustic phonons propagating in the [0, 0 , qz ] 
direction and polarized in the x and y  directions.
As a molecular crystal is not in fact an elastic 
continuum but has a discrete molecular structure 
with molecular degrees of freedom, the macro­
scopic strain, e, is accompanied by internal strains 
[25]. Now, let us analyze the internal strains corre­
sponding with the eA strain produced by the soft 
acoustic phonon of A 3 symmetry ([0, 0, q.]  direc­
tion in the Brillouin zone). We start with the 
harmonic potential energy of the crystal, written in 
terms of the dynamical-matrix elements:
K  = E E E o ' j ^ k k ’)
q k , k '  ij a/3
X u‘a( q , k )  ujp { - q , k ' ) . ( 7 )
The indices /c, k'  denote sublattices; a, =  x , y ,  z 
and i , j  =  T, R are used to distinguish submatrices 
of the dynamical matrix which couple transla­
tional (T) and rotational (R) displacements of a 
molecule, u. For the wave-vector directed along 
the hexagonal axis c (the A direction), the energy 
can be decoupled into parts corresponding to par­
ticular phonon symmetries. The twelve dispersion 
curves in this direction are classified as: 2 +
2 A 2 +  4 A 3 with A 3 being a two-dimensional rep­
resentation. As the transverse acoustic phonons, 
which produce the e 4 strain and show an anom a­
lous dispersion [7], form a doubly degenerate mode 
of A 3 symmetry (as well as three optical branches), 
we have to separate that part of the crystal energy 
which corresponds to this symmetry. This is easily 
done by means of projection operators which lead 
to a new set of coordinates:
sa(q) = 2 ~]/2[ul (q, 1 ) + ul(q,  2 ) ] ,
wA<l) =  2 ~ { / 2 W „{q ,  \ ) - u [ { q ,  2)] ,  
^ a ( ? )  =  2 “ 1/2[u^(^,  l )  +  u£(?,  2)] ,  
/>« (9 ) =  2 ' 1/2[ i ^ ( ? ,  l ) - u ^ ( 9 ,  2)] ,  (8)
for a  =  x, y.  Now, the contribution to the crystal 
energy corresponding to the irreducible represen­
tation A 3 contains two parts with identical eigen­
values and for the further discussion we can use
%
only one of them, reducing the problem to a 
four-dimensional one. This corresponds to taking 
one of two blocks assigned to the A 3 representa­
tion from the block-diagonalized dynamical matrix
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(7) for a wave-vector in the [0, 0, q: ] direction. The 
eigenvalues of the A 3 modes are determined by the 
secular equation
[G(<7, ) - < o 2M] V ( q . )  =  0, (9)
where
G( qz ) =
b B
b* a _ B_ A
A , B*_ a _ 8




with elements being a linear combination of the
dynamical matrix terms:
a ± = D j J ( q , n ) ± D j J ( q , U ) ,TT
b =  - i  D j j ( q ,  11),
A .  = D™( q ,  11 ) ± D j* ( q , 12),
B ± =  - i D ™ ( q ,  U ) ± D j * ( q ,  12)1,
<x± = D ™ ( q ,  U ) ± D ^ ( q ,  1 2 ), 
8 =  - i £ > R,R(<7 , 1 1 ), ( 11)
and four-component vector V( q: ) =  [ sx, wv, P x, 
Æ J .  The set of equations (9) has four solutions, 
co2( q , j )  with corresponding eigenvectors, Q ( q : j ) .  
Then, we have the following relation:
[ G ( qz ) -  co2( q j )M] Q { q j )  =  0, 





Q { q J ) Q { - q :j )  
1 / . \ 1 
\ q z j ) ~ u
(13)
For q, =  0, diagonalization of matrix G-gives one 
acoustic mode of E u symmetry, with co =  0 and 
eigenvector Q (0) =  [ sx, 0, 0, 0] and three optical 
modes (E u 4- 2 E g) determined by eigenvectors 
and eigenvalues of the matrix:
a _ 0 A _  ~
G(0) = 0 a  _ 0 (14)
A _ 0 a  + _
as specified in table 3.
For the transverse acoustic phonon in the limit 
of long waves, eq. (1 2 ) can be solved by the
perturbation method [26], using the expansions
G (q: ) = G ( 0) + G (1,<7_. + G (2)<7? + •  •
WTa( Q: ) (9co/9q: ) q,  + •  • V TA<7r +  • * *
Q { q z ) =  Q ( 0 )  +  Q O)q: + •  • (15)
Substituting these expansions one obtains [26]











a (2)= \  lim d 2a + ( q . ) / d q 2,
<7. -  0
and the single-row matrix G (]) =  [b{]) 0 5 '^ ]  has 
elements
G $ =  - i  lim dGnp ( q : ) / 'dq. .
< 7 , - 0
V TA determines the velocity of the transverse 
acoustic phonon with the eigenvector Q =  
[ s x, Q (X)q: ] in the long-wave limit. It follows that
Q 0 )q.  =  - i [ G ( 0 ) ]  'G  0 )q .s x (17)
and
v TA =  m  1 { ^ (+ )— G (1 ) [G(0)] !G (1) (18)
From eq. (13), [G(0)] 1 can be recognized as the 
static optical susceptibility, elements
X^v(E g), x!'v(Eg) [both calculated in the previous 
section, see eq. (5)] and x.v.v(^u)=  !/<*-• The
-  • 
components of the vector, Q  q: , which determines 
internal strains induced by the external one,are 
given explicitly by
w,° =  x l r b (r,e 4 ,
v R B 0)A VY
(19)
(20)
where the product — i qzs x in eq. (17) has been 
identified as the e 4 =  e xz strain component. It can 
be seen that the Q {])q,  vector transforms according 
to the E g representation as does the e4 strain 
component. We can conclude therefore, that the 
shear strain is a measure of part of the transverse 
acoustic-phonon amplitude, while the internal
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strains determined by eqs. (19) and (20) corre­
spond to the second part of this amplitude. Within 
the harmonic approximation the internal strains 
are strictly proportional to the shear strain, e4. 
The internal strains, induced by the low-frequency 
transverse acoustic phonon in the limit q _ —> 0, 
should not be confused with the amplitudes of the 
optical Eg modes, which are of much higher 
frequency, and none of the latter become soft at 
the transition temperature. In this sense, eq. (10) 
of ref. [9] is not correct as there is no condensation 
of any optical mode.
When eq. (18) is rewritten in an explicit form 
one obtains
by the direct translational-translational interac­
tions. The effect of indirect interactions on sound 
velocities and elastic constants can be seen from 
the results presented in table 4, which follow from 
calculations with set (1 ) of potential-function 
parameters. As a result of the competition between 
direct and indirect interactions, the acoustic pho­
non TA becomes soft, causing a violation of the 
stability condition, > 0, which is observed in 




and the result can be interpreted as follows. The 
effective translational-translational interactions 
which determine the sound velocity are composed 
of direct translational-translational interactions 
(the first term) and indirect ones (the last two 
terms). These indirect interactions are determined 
by translational-rotational coupling and the rota­
tional susceptibility. As the susceptibility is de­
termined by optical-phonon frequencies and their 
eigenfunctions, one can say that the optical pho- 
nons play a role of mediators for the effective 
translational interactions in the crystal. The elastic 
constant, c44, determined by the sound velocity
uTA from eq. (2 1 ), is
V
-  1 ) (22)
where the “ bare” elastic constant is determined
The above considerations, concerning renormal­
ization of the transverse acoustic phonon and the 
corresponding elastic constant, show that even 
within the harmonic approximation it is possible 
to explain an instability of the high-temperature 
structure of s-triazine. If the elastic constant C44 
decreases to zero, the crystal may distort continu­
ously to a new structure with symmetry de­
termined by the e 4 strain component and the 
accompanying internal strains: translation, w,0, and 
rotation, R°y of the molecules. It will be shown in 
the next section, that it follows from calculations 
that the molecular translational displacements, al- 
though in principle possible, are found to be very 
small; they have not been deduced from recent 
experiments [27]. Thus, it seems to be reasonable 
to neglect the translational internal strain in all 
further considerations concerning the phase transi­
tion (the same approximation has been used in
Table 4
Sound velocities (in 103 m /s )  and effective elastic constants (in 109 N / n r  ) as calculated for the trigonal structure of s-triazine [with 
parameter set (1)], which is close to the experimental structure at 300 K
Propagation [ ? „ 0 ,  0] [0, 0, qz ]
Mode
T, t 2 L T L
velocity
bare 1.495 3.094 4.042 1.360 3.770 ■
effective 0.927 1.970 3.766 1.049 3.630
elastic constants Cu C33 C4 4 c12 C14
20.08 18.63 1.95 9.78 1.17
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previous theories, without explanation). Within this 
approximation the interesting part of the harmonic 
crystal energy density is
=  2^44 4^ +  A e 4R y + \ a R 2, (23)
where the following substitutions have been used: 
R y =  R°y , A =  —v ~ ]B + \ a =  for a unifi­
cation of the notation with that used by Raich and 
Bernstein [8]. Using the corresponding equilibrium 
conditions, eq. (23) can be rewritten as
v h =  -  A 2/ a ) e l  = (24)
with c44 being the effective elastic constant within 
the approximation that neglects the translational 
internal strain.
So far, we have discussed that part of the 
s-triazine crystal energy which is expected to 
change during the phase transition, still within the 
harmonic approximation. To discuss the phase 
transition, one has to go beyond this approxima­
tion for two reasons: in order to stabilize a new 
structure which is expected as a result of the 
high-temperature phase instability and to explain 
the slight first-order character of the transition. 
The internal energy of the crystal can be written in 
terms of e 4 and R y (both transforming according
9
to the E g representation of the factor group of the 
high-temperature phase) as a series [8]:
V = $ c 'L e ì  +  A e , R „  +  ± a R 2. +  \ b R 3.
+  \ d R \  + \ K e 4R \  +  \ E e l R ,  + • •  • (25)
which can be seen as an anharmonic generali­
zation of eq. (23). It has to be emphasized that 
here R v is the slow rotational variable which fol- 
lows the strain e 4, according to the previous con­
siderations; it should not be confused with an 
optical-phonon coordinate.
In order to calculate an equilibrium configura­
tion for the crystal, one has to add the entropy 
term to the internal energy. We follow the argu­
ments of Raich and Bernstein [8] and write
T S / N C T +  k BT R 2, + (26)
where C is a constant. This expression represents 
the leading terms in an expansion of the config­
urational entropy in terms of the slow rotational
variable, associated with the soft acoustic phonon. 
When adding the entropy term to the internal 
energy (25), it makes the rotational-susceptibility 
temperature dependent and the substitution
a =  a 0( T - T 0 ),  (27)
can be made, with a 0 and T0 as adjustable param e­
ters. The inverse of the rotational susceptibility 
calculated from optical-phonon frequencies in sec­
tion 3 has to be taken for the value of a at T =  300 
K, since the equilibrium structure for which it has 
been calculated was close to the experimental one 
at that temperature.
When eq. (27) is substituted into eq. (25), the 
latter represents an anharmonic expansion of the 
free energy. It has to be emphasized that it con­
tains only that part of the energy which is associ­
ated with the soft acoustic phonon and the two 
variables, e 4 and R v, are only formally specified 
separately. These variables are closely related by 
the equilibrium condition
R =  - ( A / a ) e 4 +  ( K A / a 2 - E / 2 a ) e 2 + •  •
(28)
\
where the first term reproduces the lattice dynami­
cal result, within the harmonic approximation, and 
the non-linear terms follow from anharmonicity of 
the crystal and not, as assumed by Rae [9], from 
consideration of a corresponding optical mode.
By introducing eq. (28) into (25) the free energy 
is written in terms of the e 4 strain component only 
(see eq. (23) in ref. [8]) and the effective elastic 
constant
c44 C44 A / a o ( T  T0 ) (29)
is found. At temperature T =  T ,^ the indirect 
transla t iona l- trans la t iona l  interactions (deter­
mined by the translational-rotational coupling 
constant, A , and the temperature-dependent rota­
tional susceptibility) overcome the direct interac­
tions which determine the “ bare” elastic constant, 
and C44 goes to zero. This is a macroscopic manife­
station of the softening of the transverse acoustic 
phonon. As a result of this softening, the slow 
variables, e 4 and R y, accompanied with the pho-
w
non become static and the deformation of the unit 
cell (according to e 4 strain) and molecular tilt
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(according to the internal strain R v) occur. The 
low-temperature phase represents, therefore, the 
frozen pattern of the transverse acoustic phonon. 
Details of the thermodynamical analysis of the 
free-energy expansion can be found in ref. [8].
5. The low-temperature phase
The low-temperature, monoclinic phase has 
been numerically simulated according to the view 
developed that the structure is a result of the 
condensation of the transverse acoustic phonon. 
The trigonal, high-temperature unit cell has been 
deformed according to e 4 strain, i.e. the mono­
clinic angle /3m has been assumed as
An ctg~'(<?4 + c tg /3 ° ) , (30)
for a given strain, and the lattice constant a ()m has
been changed to the value
«m =  a i  sin A " /s in  /3m, (31)
to ensure zero strain e x [15]. The other lattice 
constants were kept at the values found for the 
trigonal phase. For the given lattice parameters 
(corresponding to an assumed strain e4) the crystal 
energy has been minimized with respect to molecu­
lar rotations R v and translations w (the internal 
strains). The calculated internal strains can be seen 
as a response of the molecular configuration to an 
applied external strain e4, in order to compensate 
for an increase in the crystal energy introduced by 
the unit-cell deformation.
As it follows from the previous considerations, 
the relation between internal and external strains 
is expected to be linear for small e4 strains and 
this is confirmed by our calculations. Fig. 3 shows 
the dependence of the molecular rotation R v and 
translational displacement on the applied external 
strain. The translational displacement is found to 
be very small and shows an intriguing strain de­
pendence. The calculations indicate that very pre­
cise crystallographic measurements would be re­
quired to detect the translational internal strain in 
the s-triazine crystal; the assumption to neglect 
this contribution in the free-energy expansion is 
fully justified.
The calculated strain dependence of molecular 




V 1.42 e 4 — 1.36 e4 , set (1), 
1.48 e 4 — 1.01 e4i set (2 ), (32)
where R .. is measured in radians. These functionsy
can be compared with the experimentally found 
relation [9]
R V 1.40 e 4 4- 2.62 e] ,
S T R A I N .  e 4
Fig. 3. Calculated shear strain (e4) dependence of internal 
strains: molecular rotation ( R y) and translation (wv) calcu- 
lated for parameter set (1) [curve (a)] and set (2) [curve (b)] of 
the potential function.
assuming an identification of e 4 with tan 6 «  6 (in 
the notation of ref. [9]). From this comparison it is 
concluded that the potential function assumed for 
the s-triazine crystal (with either set of parameters) 
predicts the transla tional-ro ta tional coupling 
strength very well, within the linear approxima­
tion. The difference in the quadratic term should 
not be considered as very significant since this 
term gives a non-negligible contribution only for 
strains greater than 15%, which corresponds to the
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monoclinic structure far from the phase-transition 
temperature.
When the relation (28) is introduced into eq. 
(25), the crystal energy is expressed in terms of 
external strain only and the effective elastic (trans­
lational) potential has the form
V =  86.7 eI -  149.0 e \  +  1205.0 e$ [k J /m o l] .  (33)
The first term of this effective potential yields the 
effective elastic constant c ^  (c44 =  1.95 X 109 
N / n r ) .  Any further analysis of the effective crystal 
potential requires knowledge of the parameters a Q 
and T0 introduced by relation (27). These parame­
ters cannot be obtained from our calculations, 
however, they can be fitted to experimental data as 
done  by Raich and Bernstein [8]. F rom  
semi-quantitative estimates, we can only conclude 
that the effective elastic energy (33), calculated 
from the assumed intermolecular potential for the 
s-triazine crystal, gives too weak an anharmonicity 
for predicting correctly all thermodynamic effects 
of the phase transition (the temperature of the 
transition, in particular). The potential, however, 
does predict properly the strength of the transla­
tional-rotational coupling which is the driving 
force for the transition.
Having determined equilibrium structures of 
the low-temperature monoclinic phase for differ­
ent applied strain values, e4, the lattice dynamics 
at these structures has been calculated within the 
conventional harmonic approximation. Frequen­
cies of all optical phonons as a function of the 
strain are plotted in fig. 4. The A -B e splitting forc o
the lowest (trigonal phase) E g mode can be de­
scribed by the relation
A ( u 2) =  7100 <?4 +  19100 e ]  ( c m - 1 ) \
and it agrees well with the experimental depen­
dence described by Rae [9], but again only for the 
linear term. The quadratic term is found to be 
much smaller; the difference can be due to a 
temperature effect (not taken into account in the 
present calculations) and possibly also to the fit­
ting procedure applied by Rae [9], which has been 
commented on by Raich et al. [10].
Finally, the phonon dispersion curves for two 





STRAI N,  e A
Fig. 4. Calculated [set (1)] shear strain (eA) dependence of the 
nine zone-center optical-phonon frequencies; the assignments 
correspond to the trigonal phase at eA =  0 and to the mono­
clinic phase at e4 0.
been calculated. Fig. 5 shows these curves, calcu­
lated for the equilibrium structure corresponding 
to the strain e4 =  0.06 [with parameter set (1 )]. 
When the dispersion curves are compared with
r e d u c e d  w a v e - v e c t o r
Fig. 5. Phonon-dispersion curves for two symmetry directions 
of the monoclinic phase of s-triazine. The calculations [with 
parameter set (1)] are performed for the deformed trigonal 
phase with e4 =  0.06 (see text for details).
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those for the trigonal phase (fig. 2), one observes a 
pronounced effect of the elastic strain on the dis­
persion curves; in particular, a “ compression” of 
the phonon energies at the zone-boundary point 
(0, 0, ¿) is found. It is believed that these calcula­
tions of the dispersion curves for both phases of 
the s-triazine crystal will be helpful for a better 
understanding of the Raman spectra of the crystal, 
especially in the vicinity of the phase-transition 
temperature. Strong coupling between optical and 
soft acoustic phonons is expected, which could 
lead to “ strain-induced” spectra. Due to the cou­
pling, a kind of second-order Raman effect can 
occur and the spectra for non-active polarizations 
can be seen as a density of phonon states (which 
could be calculated from the presented dispersion 
curves). Preliminary experimental results do show 
such an effect [28] and a detailed analysis of the 
Raman spectra from the point of view of transla­
tional-ro tational interactions is a task for the fu­
ture.
6 . Conclusions
This paper presents results of numerical calcu­
lations of lattice dynamics and some considera­
tions concerning the microscopic mechanism of 
the phase transition in the s-triazine crystal.
The numerical results are based on an assumed 
intermolecular potential of “ 6-exp-l” a to m -a to m  
type with two parameter sets. The potential with 
both parameter sets predicts correctly the equi­
librium structure of the trigonal, high-temperature 
phase and its dynamical properties. Moreover, it 
predicts a reasonable strength of the transla­
tional-rotational coupling (responsible for the 
phase transition) and reproduces the experimen­
tally observed relation between external (unit-cell 
deformation) and internal (molecular rotation) 
strains. The equilibrium structure of the low-tem- 
perature, monoclinic phase has been calculated as 
a minimized high-temperature structure with ap­
plied e 4 strain of E g symmetry, in order to simu­
late a softening of the transverse acoustic phonon.
Conclusions concerning the microscopic mecha­
nism of the ferroelastic phase transition are the 
following. The transition from the trigonal to the
monoclinic phase is a result of instability of the 
high-temperature phase with respect to the doubly 
degenerate transverse acoustic phonon of A 3 sym­
metry in the [0, 0, q: \ direction. In the long-wave 
limit, this acoustic phonon, when it becomes soft, 
produces the static shear strain, e4, of E g symme­
try which is followed by “ screw” displacements of 
the molecules of the same symmetry, called inter­
nal strains. The frequency of this phonon, and also 
its velocity [see eq. (2 1 )], is determined by compe­
tition between direct translational-translational 
and indirect interactions. The latter depend on the 
strength of the translational-rotational coupling 
and on the (rotational) optical susceptibility (13). 
Both quantities are reasonably well predicted by 
the assumed potential. The role of translational- 
rotational coupling in the s-triazine crystal is to 
affect the optical phonons and to couple them to 
the acoustic phonon. Thus, the optical phonons 
are mediators for the indirect translational-trans­
lational interactions which compete with the direct 
ones. It is reasonable to assume that the optical 
susceptibility is temperature dependent, which 
leads to an increase of the indirect interactions at 
lower temperature. At some temperature they 
overcome the direct translational crystal field and 
cause a condensation of the long-wave transverse 
acoustic phonon, i.e. a structural transformation. 
The molecular (almost purely rotational) displace­
ments can be seen as a response of the molecules 
to the shear strain, in order to optimize the effec­
tive response of the crystal to the unit-cell defor­
mation. It has been shown that within the harmonic 
approximation there is a strictly linear dependence 
between the internal and shear strains. Also this 
relation depends on the translational-rotational 
coupling and the optical susceptibility; for E g sym­
metry the latter can be partitioned into transla­
tional and rotational contributions.
In general, a non-linear dependence between 
shear and internal strains follows from the 
anharmonicity of the crystal potential and cannot 
be justified by eq. (10) of ref. [9], which is derived 
within the harmonic approximation. The conclu­
sion from paper [9] that the condensation of the 
acoustic mode is accompanied by condensation of 
the corresponding optical mode, is not correct. 
There is no condensation of any optical mode at
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the phase-transition temperature.
The microscopic mechanism of the phase transi­
tion presented here differs also from that given by 
Raich and Bernstein [8]. These authors concluded, 
just as we did, that the transition arises from a 
coupling between the transverse acoustic mode 
(the soft one) and molecular rotations, via transla­
tional-rotational interactions. They suggest, how­
ever, that the structural instability is due to a 
competition between direct and indirect orienta­
tional interactions.
Summarizing, we wish to emphasize once more 
that in our model the softening of the acoustic 
phonon mode, which corresponds with the phase 
transition, is due to the competition between direct 
and indirect translational couplings. The optical 
phonons enter only into the latter by determining 
the optical (rotational) susceptibility. This does 
not imply that the softening of this particular 
acoustic mode “ causes” the phase transition. Our 
model, as well as the other ones, is only intended 
to explain the experimentally observed behaviour.
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